STARLIKENESS OF JANOWSKI SPIRALLIKE FUNCTIONS IN THE UNIT
DISK

FAUD ALSARARI

ABsTRACT. The aim of this paper is to introduce and study new class of analytic func-
tions which generalize the classes of A-Spirallike Janowski functions, In particular. We
gave the representation theorem, the right said of the covering theorem, starlikeness
estimates and some properties related to the functions in the class S*(T, H, F)

1. Introduction

Let W = {8 € C: |8]| < 1} be the open unit disk and M denote the class of functions
has a Taylor—Maclaurin’s series representation h(9) = ¢ + Y52, a;¢". Suppose that S
the class of functions in M and univalent in WW. The convolution or Hadamard product
of two analytic functions i, g € M where h is defined above and g(¢) = ¢ + Y2, b; ¥,
is

(hxg)(®) =0+ Y ab;t'.
i=2
which are analytic in the open unit disk , and S denote the subclass of M consisting
of all function which are univalent in /.

For h and g be in M, we say that the function # is subordinate to g in VW, and write
h < g, if there exists a Schwarz function u € ®, where

(1.1) O:={u e M, u(0)=0,u(d| <1, e W},
such that h(9) = g(u(9)) , ¢ € W. If g is univalent in W, then
h(9) < g(8) < h(0) = g(0) and h(W) C g(W), ¥ € W.
Using the above principle of the subordination we define the well-known Carathéodory

class P of functions p which are analytic in W, which are normalized by

p(®) =1+ chﬁj and R{p(®)} >0, & € W.
=1

Date: August 12, 2024.

2020 Mathematics Subject Classification. Primary: 30C45.

Key words and phrases. Janowski functions, Subordination, Starlike functions, Convex functions, A-
Spirallike.



2 FAUD ALSARARI

In [7], Polatoglu, et al. defined and studied a generalized class P[H, T, F] of Janowski
functions. A function p in P is said to be in class P[H, T, F] if it satisfies the condition

14 [(1—F)T + FH|8 1+ [(1— F)T + FHu(9)
(8) 1+ HY = pd) = 1+ Hu(9) /

where -1 <B<T<land0<F < 1.

€ P,

Definition 1.1. A function f € M is said to belongs to the class SM(T,H, F), with —1 <
H<T<1and0<F<1,if

AN ..
}?(h&)w) —isin(A)

cos(A)

€ P[H,T,F].

Remark 1.2. Using the principle of the subordination we can easily obtain that the equivalent
condition for a function h belonging to the class S*(T, H, F), is
On'(9) On'(9)
h(8) h(8)

—1‘<‘[7—H , e W.

where
(1.2) v =e""M[(1—F)T + FH]cos(A) + iHsin(A)}.

For special cases for the parameters A, T, H and F the class S*(T, H,0) = S*(T, H)
Motivated by Polatoglu, et al. [8], S%T,H,E) = S(T,H, F) Motivated by Polatoglu,
et al. [7], S%(T,H,0) = S(T,H) these class reduce to well-known class defined by
Janowski [6], S°(1 — 21, —1,0) = S(17) the well-known class of starlike function of or-
der alpha by Robertson [2], 80(1, —1,0) = S* the class introduced by Nevanlinna [4],
etc.

Lemma 1.3. [1] Let u(9) be reqular in the unit disk W with u(0) = 0. Then if |u(9)| obtains
its maximum value on the circle |8 = r at the point ¥y, one has Syu' (1) = ku(9), for some
k>1.

Lemma 1.4. [5, Lemma 2.3] Let p € P[T, H, F|, then
1-((1—-F)T+ FHlr 1+|(1—F)T+ FH|r
{ 1—)Hr ] <[p@)I = . 1—|—)Hr ]

Lemma 1.5. [7] Let p € P[T, H, F|, then the set of the values of p is in the closed disc with
center at C(r) and having the radius p(r), where

L8 <r<1.

{ C(r) = <17H[(17F)T+FH}r2,0> ,o(r) = (1—-F)(T—H)r if H#0,

1-H?r2 1—-H?2
C(r) = (1,0),p(r) = (1= F)|T|r if H=0.
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2. Main results

Theorem 2.1.

/ e"(1—F)(T—H) cos(A)®
1) heSMT,HF) &< (ﬂh (9) —1) < { 1+H? , H#O,

h(9) e*(1—F)Tcos(A)8, H=0.

Proof. Let h € ST, H, F), we define the functions u(¢) by

eii/\ — — cos
22) h(®) 1+ Hu(8) " w = gz,
) 9 e(l—F)Tcos(/\)e_”‘u(lS‘)’ H=0.
For ¢ = 0, we note that
(14 Hu(g)) ™ R g P Teose o)

That mean is analytic and u(0) = 0, if we take the logarithmic derivative from 2.2, we
get

‘ 1+Hu(9) ’
h(8) e~} (1—F)Tcos(A\)du'(8), H=0.

We can easily conclude that this subordination is equivalent to |u(9)| < 1 forallz € W.
On the contrary let’s assume that there exists zy € W, such that |u(d)| attains its
maximum value on the circle |¢| = r, that is |u(d;)| = 1. Then when the conditions
%u'(z1) = ku(8y),k > 1 are satisfied for such ¢; € W, by using Lemma 1.3 we obtain,

(ﬂlh’(ﬂl) ) 1) | [eRORIesR) _ Gy (u(8)) ¢ Gi(W), H £0,
h(d) e~ (1 — F)Tcos(A)ku(d1) = Gao(u(th)) ¢ Go(W), H=0,

(19]’1/(19) B ) B {e‘i)‘(lF)(TH)COS(A)@M'(G) H#£0,

which contradicts 2.1 therefore the assumption is wrong , i.e,
lu(9)| < 1 for all 9 € W. This shows that

/ e " (1—F)(T—H) cos(A)d
he S)‘(T,H,F) = (ﬁh (%) — 1) = { 1+H? , H#O,

h() e (1 —a)Acos(A)z, B=0.
Conversely,
e A (1—F)(T—H) cos(A)®
(ﬂh/(ﬁ) _1> ~ ( )1(+H19) ( ) , H%O, N
h(9) e=*(1—F)Tcos(A)8, H=0.
e~iA l’,fgf;)” —isin(A) 1+[<1;i>§u+(§§ﬂuw>, H£0,

cos(A) |1+ [(1=F)T+FHJu($), H=0.

This shows that h(¢) € SM(T, H, F). O
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Remark 2.2. In [7] and [8], a similar technique using Jack’s lemma was used to investigate
Janowski starlikeness.

Theorem 2.3. Ifh € S*(T, H, F), then |h(8)| <

r 1 1-F)T+FH e~ (1—F)(T—H)cos(A)
/ [cos(A) + [ . JTHFHIC ) gn)]] (14 By R e, H+£0,
0 + Ho

/Or [cos(A)[1+4 (1 —F)To] + |sin(A)|]exp [(1 — F)T cos(A)(cos(A) +sin(A))o]do, H =0,
where |9] <r < 1.

Proof. Integrating the function /' along the close segment connecting the origin with an
arbitrary ¢ € W, and observing that a point on this segment is of the form { = ce',

with o € [0,r], where 6 = arg ¢ and r = |8, we get

h(9) = /0 "), 6= re®,

/Or n (aei9> eldo| < /Or

For an arbitrary function h € SA(T, H,F), we have
1 e on’ (9)
cos(A) | h(9)
We need to study the following cases:
(i) If H # 0, then there exists a function u € ®, such that

IA(1—F)(T—H) cos(A)

hence

[h(9)] =

W (0’€i9> e'? ‘ do.

- isin()\)} =p(9), p € P[T,H,F].

by (2.2) we get h(9) = 8(1 + Hu(ﬁ))e_l T and
h(9) = &1;9)6’_“[008(%)10(19) +isin(A)],
therefore
(2.3) W' (8)] <
cos()\)l +[(1 - F)T + FH]r +rsin)|| s Hu(ﬂ)|e‘”(1—P>(P1{r—H>cos(A> ,

14 Hr
for |8 <r < 1. Since u € ®, we have
1+ Hu(d)| <14 |H|r, [ <r <1
Case 1. If H > 0, using the factthat -1 < H < T <1and 0 < F <1, we have

eii/\(l—F)(T—H) cos(A) e IM1—F)(T—H) cos(A
1+ Hu(9)| H <1+ [HpH) = e < <1,
and from (2.3) for |8 < r < 1, we obtain
1+[(1—F)t+ FH]r ¢~ 1-F)(T—H) cos())

(2.4) |H'(89)] < |cos(A) + |sin(A)[| (1 + |k]r) H

1+ Hr
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Case 2. If H < 0, from the factthat -1 < H< T <1land 0 < F < 1, we have

efi}‘(l—F)(T—H)cos

(1— |H]r) = > 14 Hu(9))
and from (2.3) for |8 < r < 1, we obtain

1+[(1—-F)T+ FH]r
1+ Hr

Now, combining the inequalities (2.4) and (2.5), we finally conclude that
(2.6)

h(8)] < {cos(/\)

eii/\(lfF)(TfH) cos(A
H

)
, 9 <r<1,

—iA(1—F)(T—H) cos(

T |sin<A>|] e )

(2.5) {Cos()t)

1+[(1—-F)T+ FH]r
1+ Hr

(1-F)(T—H)
+ |sin()\)|} 1+ Hr) 7, |9 <r<1,

then

do <

h(8)] < /O e (0e) e

r 1 1—FT FH e ira- —H) cos
/0 {cos()\) nall 1-|—)Hc7+ lo +|sin()\)|} (14 Ho) B (A)dcr,

that is

r — A —h) cos
o)l < [ [cos()\)1+[<11 fg;m]gﬂsinwl] (14 Ho) U020 10 o) <y < 1.
0

(ii) If B = 0, there exists a function u € ®, such that h(9) = ﬂe(l_F)TCOS()‘)E%A”w), and
therefore

@7)  |K(®)| < {cos(A)[1+ (1— F)Tr] + |sin(A)|} ‘exp [(1 - F)Tcos()x)e_mu(ﬂ)}

L9 <r<1.

Since |exp [(1 — F)T cos(A)e*u(9)]| = exp [((1 — F)T cos(A)R{e"u(8)}], ¢ € W,
using a similar computation as in the previous case, we deduce

‘exp [(1 - P)Tcos(/\)e_i)‘u(l‘})} ‘ <exp[(1—F)Tcos(A)(cos(A) +sin(A))r], |9 <r< 1.

Thus, (2.7) yields
(2.8) | (9)] < [cos(A)[1+ (1 —F)Tr] + |sin(A)|]exp [(1 — F)T cos(A)(cos(A) + sin(A))r], r < 1,

1 < Ueié) oif

/Or [cos(A)[1+4 (1 — F)To] + |sin(A)|]exp [(1 — F)T cos(A)(cos(A) + sin(A))o]]do,

and hence
.

do <

o) < |

0

that is
|h(9)] < /Or [cos(A)[14 (1 — F)To] + |sin(A)|] exp [(1 — F)T cos(A)(cos(A) +sin(A))o] do, ¥ < 1.
O
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Theorem 2.4. The radius of starlikeness of the class h € S*(T, H, F) is
2 , if H#Q,

(1-F)(T—H) cos()\)Jr\/(l—F)z(T—H)z cos?(A)+4{ [(1—F)T+FH]H cos?(A)+H? sin*(A) }
1

(1—F)Tcos(A)’

This radius is sharp because the extremal function is

‘
I

if H=0.

iA1= —H) cos(
no) = { o0+ HY I g,
ﬂe(lfF)Tcos()\)e_Mﬁ’ H =0.

Proof. Since

—EiAﬁh/(ﬁ) —isin(A)
(2.9) hwlam _p(9), peP[T,HE,

using Lemma 1.5, that is

1-H[1-F)T+FH]?| _ (1-F)(T-H)r
1— H?r? 1—H*?

Using (2.9) in (2.10) and after straightforward calculations we get

(2.10) p(8) - <

(1= _ _ _ 2 2 inZ 2
1—(1—F)(T—H) cos(A)r {[(1171:})12;FH]HCOS (A)+H?sin(\) }r Cif H 40, . ﬂh/(ﬂ) <
<® {07 } <
1—(1—F)Tcos(M)r, if H=0
{ 1+(1-F)(T—H) cos(A)r—{[(ll—_FI_)IZr—iz-FH]Hcos A)+H?sin?(A) }r2 if H#£0,
1+ (1—F)Tcos(A)r, if H=0,
where |¢| < r < 1. The above inequalities shows that this theorem is true. U
Remark 2.5.
e ForT=—-H=1,A=F =0, weobtain r = 1.
e ForT=—-H=1,F =0, we obtain r = 1

cos(A)+]sin(A)]”
Corollary 2.6. If h € SMNT, H, F), then
(1—[(1—F)T+FH]r)1cos()\) (1—Hr)|sin(A Zf H#0, } ’
<

—Hr
(1—(1—F)Tr)cos(A) — |sin(A)|, if H=0
{ (14+[(1—F)T+FH]r) cos(A)+(1+Hr)|sin(A Zf H ?é 0,

1+Hr

(1+(1—F)Tr)cos(A) + |sin(A)|, if H=0,
where |9 <r < 1.



STARLIKENESS OF JANOWSKI SPIRALLIKE FUNCTIONS 7

Proof. For an arbitrary function h € S*(T, H, F), we have

1 MO (%) .
—isin(A)| = p(¢ T, H,F|.
o0 | T s =p(0), pe P HE
Using Lemma 1.4 and after the straightforward calculations we get the result. U
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