ON HIGHER PARTIAL DERIVATIVES OF IMPLICIT FUNCTIONS AND THEIR
COMBINATORICS

SHAUL ZEMEL

ABSTRACT. We consider a scalar-valued implicit function of many variables, and provide
two closed formulae for all of its partial derivatives. One formula is based on products
of partial derivatives of the defining function, the other one involves fewer products of
building blocks of multinomial type, and we study the combinatorics of the coefficients
showing up in both formulae.

INTRODUCTION

In the previous paper [Z], we considered the higher derivatives of an implicit func-
tion of one variable. As the binomial Leibniz rule completes the rule for first derivatives
of products, and Faa di Bruno’s formula extends the chain rule to higher orders, there is
a formula, initially proved in [C1] and then in [CF] (the latter corrected in [Wi]), which
plays the same role for the well-known formula from first-year calculus, expressing the
tirst derivative of an implicit function as minus the quotient of the partial derivatives
of the defining two-variable function. For more on the history of such questions, see
[J1] (and some of the references therein), while other references that are relevant to the
implicit function case are [Wo], [C2], [S], [N], and [J3]. Note that the formula from [Wi]
and [J3] contains many terms, and [Z] uses certain combinations of derivatives as the
building blocks for the formula, yielding another formula, which allows one to write
the nth derivative of an implicit function using significantly fewer terms. The special
case where the implicit function is an inverse function was considered, together with
parametric functions, in [J2].

The formula of Faa di Bruno involves ordinary partitions of the order n of the deriv-
ative. We recall that A is a partition of 7, a statement that we denote by A - 1, meaning
that A consists of a decreasing sequence of positive integers a;, 1 < g < p that sum
to n. A more useful description of a partition is by using, for every j, the multiplicity
m;j of j in A, counting how many times j shows up in the partition (i.e., how many of
the a,’s equal j). The formulae from [J2], [J3], [Wi], and [Z] (among others) are based
on partitions with two parameters, i.e., of certain integral vectors, with the coefficient
corresponding to any such partition being expressed again in terms of the multiplicities
describing the partition.
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One may ask similar questions for functions of several variables. A systematic con-
struction of the generalization of Faa di Bruno’s formula to the case where both func-
tions used in the composition have several variables is given in [CS]. Both this question
and the binomial Leibniz rule were considered combinatorially in [H] (see also some
of the references cited there, as well as the concise paper [M]), where it is also realized
that higher derivatives with respect to distinct variables give only coefficients of 1, and
the coefficients showing up in other derivatives come only from different terms from
the distinct variables case coinciding (this is called “collapsing partitions” in that refer-
ence). In this paper, we treat the question of an implicit function of several variables.

Note that formulae similar to that from [Z] were mentioned in [Y] in relation to
certain logarithmic residues of holomorphic functions of two complex variables. Such
formulae were also considered in the case m = r = 1 of [STZ], where a connection to
counting certain types of rooted trees was established. It seems likely that the formulae
from the current paper may bear similar relations to logarithmic residues of holomor-
phic functions of more complex variables, or to the case m = 1 and general r in [STZ].
They can also serve as another example of the principle of collapsing partitions from
[H] in a slightly more complicated setting.

Now, when y = y(x) is the function defined implicitly by f(x,y) = 0, there are two
variables that can become vector-valued: Either x, or y and f. The paper [Y] already
considered the case where both variables are vector-valued, yielding formulae for the
derivatives (i.e., the expansion) in terms of various types of integrals, but without any
combinatorial meaning. The paper [A] established some properties of the expansion it-
self when y and f are vectors, in terms of a recursive relation, showing how quickly the
details become complicated in general (these formulae are then used there for study-
ing the behavior of solutions of rate-distortion problems in some situations). The main
issue is the repeated multiplication by the inverse of the Jacobian of f with respect to
y, and the derivatives of its entries, which is why [Y] assumes in many formula that
this derivative is the identity matrix up to higher order terms.

So in this paper we keep f and y as scalar-valued functions, let x be a vector-valued
variable ¥ = (x1,...,xy), and evaluate all the derivatives of y, of any order. The ar-
gument follows the one from [Z] very closely, and in particular our main formula,
Theorem 3.6, is given in terms of the larger building blocks, analogously to those from
that reference (though we also provide the formula in terms of products of the usual
derivatives in Theorem 4.2 later). Note that here also in the case of derivatives with
respect to distinct variables, the coefficients do not always equal 1, and when some
variables in the derivative coincide, we multiply the basic coefficients from the formula
for distinct variables by the number of collapsing partitions from [H]. Note that [H]
begins with the case of distinct variables, and then explains how counting collapsing
partitions yields the general case, but for our formulae the argument for distinct vari-
ables is not simpler to work with than the general one (especially in terms of notation),
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so we work with a general derivative to begin with. See Remark 4.5 at the end for the
precise details of this observation, for the formulae from both Theorems 3.6 and 4.2.

As usual when considering variables that can either coincide or be distinct, the ap-
propriate language to phrase and prove our formulae is in terms of multi-indices, or
equivalently multisets, which are based on the indices of our variables (between 1
and N for ¥ = (x1,...,xy)). Each such multiset is determined by the multiplicities
with which it contains the indices 1 < i < N, and the operation of sums of multisets
(corresponding to union of disjoint sets) is expressed in terms of addition of these mul-
tiplicities. Indeed, the partitions that we get in our formulae are of vectors of length 2
with the first entry being a multiset (this is equivalent to partitioning vectors of length
N + 1, where the last coordinate plays a role that differs from that of all the others).
Several expressions that are based on these multisets (like factorials or binomial co-
efficients) are given in terms of products of the ordinary expressions, based on the
multipicities—we shall define each one of these as it shows up.

This paper is divided into 4 sections. Section 1 introduces the building blocks that are
used in our main formula. Section 2 determines which products of these combinations
show up in said formula, while Section 3 establishes the value of the combinatorial
coefficient with which every such expression shows up. Finally, Section 4 explains the
origin of these combinations, and proves the formula for the derivatives using only
ordinary products of derivatives.

1. TuE Basic BuiLpiNG Brocks

We begin by fixing some notation for the rest of the paper. As mentioned in the
Introduction, we will have N free variables x;, 1 < i < N, and we shall use X for
(x1,...,xN) for short. Given a function g of ¥, and perhaps of another variable y, we
shall write, as in [Z] and others, the partial derivative of ¢ with respect to y as simply g,
and we shall shorten the partial derivative with respect to the variable x; even further
to g;. For higher order derivatives of small order we shall simply put one index for
each variable with respect to which we differentiate.

In order to discuss higher order derivatives in a more natural way, we introduce,

following [Z], the following notation. The derivative g;yg, for some r > 0 will be written
as gyr. On the other hand, when [ is a subset of the numbers between 1 and N, whose

cardinality we denote by |I|, the notation g; will stand for the derivative 9l’l¢ / Tlic1 Oxi.
More generally, we allow I to be a multiset, in which indices i between 1 and N may ap-
pear with multiplicities, and |I] is the sum of these multiplicities. Then we still write g;
for olllg / Tier 9xi, where in the product the number of times that we differentiate with
respect to the variable x; is its multiplicity in I. In more conventional notation, if v; is
the multiplicity with which i shows up in I, then |I| = YN, v;, and g7 is 9lllg / TTN ; ax!'.
For a general mixed derivative ol!l*"¢ / Ty, dx;’ - 9y" we shall use the notation gj,~. We
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shall view all sets as multisets (meaning that a set is a multiset in which the only mul-
tiplicities are 0 and 1), and in particular the empty set is the multiset in which all the
indices come with multiplicity 0.

So let f = f(X,y) be a function of N + 1 variables, and assume that we are given
points (Xo, yo), with Xy standing for (x19,...,xny0), such that f is continuously differ-
entiable at the point (¥p,yo) and satisfies f(¥o,y9) = 0 and f,(¥o,y0) # 0. Then the
equality f(X,y) = 0 defines, by the Implicit Function Theorem, a function y = y(¥) at
a neighborhood of Xy (with y(Xp) = yo) that has the same differentiability properties of
f. All the derivatives that we shall henceforth take will be at either the point X or the
point (Xp, o), and we shall not mention these explicit values in the notation.

Now, for the first derivative y;, we can keep the variables Xj, # i as fixed, and use the
fi

result from any basic calculus course to deduce that y; = % We are then assuming

that f is continuously differentiable of order at least n for some n > 2, and we are
interested in an explicit expression, using combinatorial coefficients, for the derivative
yj for any multiset [ with |I| = n (the latter equality means that the multiset I has size
n), in terms of the partial derivatives of f. We shall follow the arguments and examples
from [Z].

Let g be a function of ¥ and y, and consider the function taking X to g(¥,y(X)). The

chain rule implies that its derivative with respect to a variable x; is ¢; + gyy; = &j — gjy{ :

We therefore obtain

J fiify — foifi fivty = fwfi
(1) o fl _ 7Y ]/f yvj and fy Y yf vy ]
] Yy y
from which we can evaluate the second derivative y;; := —%%. One way is through

the derivative of a quotient, via Equation (1), and the other one is by taking ¢ = }fl and

considerin Iy 4 (4 ﬁ, ielding that y;; equals
& R T \R)yR Y & Yij &4

—fiify + fyifi | ffy —fwhi fi _ ~fiify + ffify + fiyfify — fyyfsz
2 t 2 r 3
f y f y f Y f
In Equation (2) we already used the equality of the mixed derivatives when we replaced
fyj by fjy, and we shall always push the derivatives with respect to y to the end (since
f will always be assumed to have enough differentiability properties to justify such
operations), in view of the notation gj,» introduced above. Note that when i = j the
two sums with the + sign coincide, producing a factor of 2 as in Equation (2) of [Z].
As in [J2] and [Z], we will now prove that the denominator of the derivative y;, when
n=|I|,is fyznfl, via the following lemma, in which we shall write I 4 j for the multiset
sum of [ and {j} (this is a union if j ¢ I, and means increasing the multiplicity of j by
one while leaving the other multiplicities invariant in general), and note that y;,; is the
same as (y7); (as well as (y;);).

()
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Lemma 1.1. Let [ be a multiset of size n, and take 1 < j < N. Then fJ"*ly;,; can be

evaluated as
Fiae F7" i) = @n =) (Fiufy = fuuf) (F7"w1)-

Proof. We differentiate yzn_l (X,y(¥))y1(X) with respect to x; via the chain and product
rules, and use Equation (1) for evaluating f, - aixj fy (after we multiplied the previous
expression by fyz) Moving the expression involving 2n — 1 to the other side yields the
desired equality. This proves the lemma. U

Let us see how Lemma 1.1 evaluates f;’yijk, using the fact that fy3y1-]- equals — f;; fy2 +

fifify + fiyfify — fyyfif by Equation (2). We expand aixk fir aBTk fj, and aixk fy via Equa-
tion (1), and while in the case of ordinary derivatives from [Z], the resulting parts of

4( f3y") all canceled, here, with a%k( f3yii), only those with fi, fyy fifx and fiy fyy fifx do
in general (i.e., when i, j, and k are distinct). When we consider the remaining parts
and recall the second term from Lemma 1.1, we deduce that f;yijk is the sum of three
expressions, one is

~fiiefy + fifefy + fafify + Fieafify +
3) - fz’yyf]’fkfy2 - ijyfiyyfjfkfy2 - fkyyfiyyfifjfy2 + fyy}/fif]'fkfy'

the other is

—2fiifiyfy + ficfinfy + fixfinfy + 2fiifunfify — fifofifa — fixfunfify+

(4) = 2fiyfiyfif; y2 + fiyfry fif y2 + fiyfryfif, 13 ’
and the third one is
(5) 3(fkyfy_fyyfk)(ﬂjfy2_fiyfjfy_ijfify +fyyf1’fj>-

We see, however, that this presentation (which was based on taking the derivative
with respect to x; after the others) does not give an expression that is symmetric with
respect to interchanging k with i or with j. As we know that f;yijk must have this sym-

metry property, we can write f;yijk as the average of %( y?’yij) —3( frvfy — fuy fi( Syij),
aixj(fg}?’yik) —3(fiyfy = Fouf7) (fivix), and 32 (fayi) = 3(fiyfy — fyufi) (f;¥j)- Then the ex-

pression from Equation (3) remains, the ones from Equation (4) indeed cancel out, and
Equation (5) is replaced by three terms, without the factor 3. One can, in fact, expand
Equation (5) as in [N] and []J3] to give

3fiifiyfe = 3fifwfif? — 3fuffif2 — 3fifiyfif o+
+3fiy oy fifcty + 3fifufifefy + 3feyfunfifify — 3faufxfifife

and verify that adding it to Equation (4) indeed gives the asserted average of Equation
(5), expanded in the same way.
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We recall from [Z] that our basic building blocks in the case of ordinary derivatives
were certain combinatorial sums. Based on our formula for fySyi]- and on the first term in
the formula for fyS}/ijk/ we define our building blocks in this setting as follows. As with
sets, we say that a multiset K is contained in another multiset | when the multiplicity «;
with which the index i appears in K is smaller than or equal to the multiplicity #; with
which it shows up in J, for every 1 < i < N. When this is the case we write ( I]<) for the
product [T, (Zi) (this is just 1 in case ], hence also K, is a set, thus with multiplicities
0 or 1, and vanishes when K is not contained in J).

Definition 1.2. Let ¢ be a smooth enough function g of the variables X and y, and take a
multiset | of indices between 1 and N. For these parameters we define the expression Ajg =

ZKQI(_1)|K‘(]]<)g(]\K)y\K\ Tliex fi - }‘/” Kl When Jis {i}, {i,j}, {i,j,k}, {i, ],k 1} etc. we
will write g, Ajjg, Aijk8, ik, ete. respectively for the corresponding expression Ajg (and
the same for multisets like {i,i}, {i,i,j}, and {i,i,i}, exhibiting multiplicities).

Note that the product [T;cx f; in Definition 1.2 means [T, fI, with the multiplicities
from above, and that | \ K is the multiset difference, in which i shows up with the
multiplicity 7; — ;.

Definition 1.2 expresses the formula for f;yij given in Equation (2) as just —A;;f, and
the expression for fy5yi]~k obtained after the averaging from the last paragraph becomes

(6) — fyBijkf + Brfy - Biif + Djfy - Dif + DBify - Djxf

from Equation (3) and the averaging of Equation (5) (the three symmetric summands
in Equation (6) correspond to the coefficient 3 in the expression —f,Asf + 3A1f, - Ao f
from [Z] for fy5 times the third ordinary derivative, and this coefficient indeed shows up
when i = j = k). As in [Z] we shall follow the convention that the index precedes the A-
sign, namely Ay f, from the last expression will always mean Ai(f;) and never (Acf)y,
and the same for every such expression that will appear below. Using Definition 1.2,
the formula for f, - aixj g(X,y(¥)) is Ajg and the numerators from Equation (1) are A;f;

and A;f, respectively, and we note again that these are not the derivatives of A;f itself,
since the latter vanishes by the definition of y = y(¥) implicitly via f (¥, y(X)) = 0.

2. THE EXPRESSIONS APPEARING IN f3'" 1y

Given an expression for yZ"’lyI, where I is a multiset of size n, in terms of the

construction blocks from Definition 1.2, we would like to get, for an index k, the formula
for f;”“y [+k using Lemma 1.1 (recall that I + k is our shorthand for the multiset sum
of I and {k}, which has size n 4 1). As this lemma involves differentiation, we need
to differentiate the expressions from Definition 1.2. For this we recall again that the
derivative is of the expression Ajg(¥,y(¥)), where y(X) is defined via f(¥,y) = 0 and

therefore y; = % and let 77; denote the multiplicity with which j appears in J.
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Lemma 2.1. f750-Ajg equals fyBp kg + [|1Akfy - 818 — Ty miAjf - Ay iy

We have introduced the shorthand | \ j for the difference J \ {j}, which is obtained,
as the set difference, by subtracting 1 from the multiplicity of j in J. The fact that this
term involves the multiplier 77; implies that it only involves indices j that do appear in
J, so that we do not have to consider negative multiplicities in | \ j. We note again that
the last multiplier here is Aj;(gy), and not (Ap;g)y-

Proof. We let f - Operate on the term associated with the subset K C ] in Definition
1.2, and apply Lelbmz rule, to get 3 types of terms: One from acting on the derivative
of g, one from differentiating the power of f,, and one from the product g £, where
k; is the multiplicity to which i appears in K. The first term (associated w1th K) is

(7) (—1)|K‘(I]<)[ [(]+k \KJylKI” Hl sz |J|—IK|+2 g(]\K I Hlf fo\ ‘K|+1}

and note that in the second summand we can write | \ K = (J +k) \ (K+ k), the product
of the f;’s with fi corresponds to the product associated with K 4 k in Definition 1.2
and so does the extra sign, and |J| — |K| 4+ 1 equals |J| — |K + k| + 2. Now, a multiset
L C ]+ k can either be presented as a multiset K C ] (if the multiplicity to which it
contains k is not already #; + 1) or as K 4 k for a multiset K C ] (if kK does show up
in this multiset), and then the first term in Definition 1.2 with K = L (if L C J) and
the second term there with K = L\ k (if k € L) give the same expression, with the

multipliers (] ) and ( L<k) respectively. But if the multiplicity to which 1 <i < N shows
up in L is A; then the two terms are []; (’71) times ('7k ) and ( 1) respectively. Thus

their sum is []; 4 (}) times (’7"):1) (also when Ay is 7, + 1 or O) namely (/ +k) and as

the power of f, is |J + k| — |L| + 1, Definition 1.2 shows that this gives the first asserted
term.

The other terms from differentiating the summand with index K, having multiplici-
ties {x;}I ; (with the derivative acting either on some f; or on the power of f,), combine

to give (—1)‘K|(If<)g(] K) \K\f]‘/”_uq times

® TN GO TS 4 (1] = KD (fify = Fifi) TR £,

where ¢; ; in the exponent in the first term is the usual Kronecker §-symbol (and we get
no negative exponents, since if x; = 0 then the multiplier x; annihilates the expression
with f]._l). Since the expression in parentheses in the second term of Equation (8) equals

A fy, taking the part that is multiplied by |]|, multiplying by the external coefficient,
and summing over K produces the second required term by Definition 1.2. In the part
that is multiplied by |K|, we replace this multiplier by Z]e k %j, and extract the factor f;

as well. This gives, for every j, the product «; Ty, f %/ times an expression which
reduces to Ajif. Now, the latter product corresponds to the multiplicities of K'\ j, the
difference ] \ K is the complement of that set in J \ j (with the same presentation of
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IQ\\]]) because

the binomial coefficients associated with i # j are the same on both sides and for j we

the difference of cardinalities in the exponent of f,), and «;( I]<) equals 7;(

use the well-known identity «;(7) = #;(" 71). Since the multisets that are contained in
] K] ) K]fl

J \ j are precisely the multisets K \ j for a multiset K C | which contains j, and the sign
(=1)KVl is —(—1)IKl, summing over such K C ] indeed yields the remaining desired
term via Definition 1.2. This completes the proof of the lemma. U

The case of empty | in Lemma 2.1 is just f]f times the identity aaTk g =8k — gjy,—;[k from
above, and the establishment of the last term in the proof of that lemma was based
on proving that Aj f can be obtained as fyArf; — fjArfy. This relation generalizes to
the identity stating that Ay, ;¢ = f,A;g; — fiA;8y for any multiset | and index j, which
one can prove using the fact that the subsets of | + j are K and K+ for K C | and
manipulations of binomial coefficients as in the proof of Lemma 2.1, but we omit the
details since we shall not use this formula. The non-vanishing of Equation (4) in our
evaluation of f;yijk is equivalent to the fact that the term 2Af, - A;;f from Lemma 2.1
(with ¢ = f and | of size 2) does not cancel with the terms —Ay f - Aify — Ajf - Aify,
unlike the symmetric situation for ordinary derivatives, which gave a special case of
cancellation happening for no other parameters. The fact that for fySyijk we obtain an
expression that is symmetric in the indices (as we should) follows from the precise
analysis of the coefficients.

We recall the value of f;yijk from Equation (6), and wish to apply Lemmas 1.1 and 2.1
in order to evaluate fy7 Yijk1, where i, j, k and [ are distinct indices (so that no binomial
coefficients are involved). We begin with the parts arising from —f,A;jx f, where for the
action of fyza% we apply Leibniz’ rule, yielding —f, A, fy - Ak f from the differentiation
of fy, plus —f, times the expression

fyBijiaf + 301 fy - Dijef — Dirf - Djefy — D f - Bicfy — Biaf - Dijfy
from Lemma 2.1, and the term +5A;fyA;j f from the second summand in Lemma 1.1.
These combine to

—fybijaf + Dify - Aipf + fybaf - Bjcfy + fyBif - Bify + fydiaf - Disfy.
Doing the same with the summand Agfy - A;jf from Equation (6) produces the sum of
the expressions [f, Ay fy + Aify - Dcfy — Duaf - fyylDiif,

ArfylfyBinf + 201y - Digf = Daf - Bjfy = Dif - Difyl,
and —5A;fy - Arfy - Ajjf, so that the total coefficient of A;fy - Arfy - Ajjf becomes —2.
Applying the same procedure with the other two terms from Equation (6) gives similar
expressions (with k interchanged with j or with i), where in particular each of the sum-
mands A fy - Ay f - Ajfy and Agfy - Ajif - Aify shows up again in one of these expressions.
Gathering all these terms, we obtain that fy7 Yijk equals — fyZAijkl f plus

(9) [fyAlfy ’ Aijkf]s + [fyAijfy ’ Aklf]S - [fyyAijf ’ Aklf]S - 2[Akfy ’ Alfy : Aijf]sr
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where the superscript s means adding to it all the distinct elements required for getting
an expression that is symmetric under any permutation of the indices i, j, k, and .
When some of the indices i, j, k, and I coincide, some of the terms inside each such
“s-orbit” coincide, so that we obtain fewer terms with higher multiplicities, and the
sum of the multiplicities is always 4, 6, 3, and 6 for the respective summands from
Equation (9) (this, times the coefficient 2 in the last summand, is in correspondence
with the coefficients in Equation (7) of [Z], which we obtain again when all the indices
coincide and we differentiate with respect to a single variable).

The explicit formula for y;, or equivalently fyzn_ly ; when n = |I| > 2, will be estab-
lished, as in [Z], in two steps. First we shall determine which expressions can show up
in it, and only later we will find the explicit coefficient with which every expression
does show up. The fact that the expression is symmetric under permuting the elements
of I will be a consequence of the second step only, since the coefficients in question will
have this symmetry property.

For the first step, we begin by considering the examples that we already have. When
n = 2 we saw that f;yl = —Ajf, consisting of one multiplier, with index I, and no
external derivative with respect to y. The expression from Equation (6) shows that
for n = 3 we can write f;’yl as —fyAif + Lier Aify - Apif (the sum over i is with
multiplicities when I is a multiset, and should be interpreted in general as YN ; v;A; fy-
Apif), in which each summand is the product of two terms, one of which involves
f and the other f,, and the union of the indices is I. In case n = 4, the terms from
Equation (9) for a set I without multiplicities are — fyzAI fr Yier fyDify - Apif (with
a plus sign), Y5 fyAsfy - Apjf for | € I of size 2, the sum over partitions of I into
unmarked sets J; and ], of size 2 of —fy Ay, f - A, f, and =2} fyAp s f - [licj Aify, the
sum of which again taken over | C I of size 2 (the latter can be seen as partitions of
I into a set K of size 2 and two unmarked sets J; and ], of size 1, with the expression
being —2Aj, f,Aj, fyAxf). When [ is a multiset of size 4, the same description is valid,
with sums involving the corresponding multiplicities, and we shall not write these
explicitly at this point. Each such product is of three expressions, the total number of
y-indices is 2, and the sets in the A-indices forming a partition of I, where in partitions
involving unmarked sets, the A-operators of the unmarked sets of same type act on the
same function (i.e., on f with the same amount of y-indices). The general form of a
term in the expression of order 7 is thus as follows.

Proposition 2.2. If |I| = n > 2 then fi“”yl is a linear combination of expressions of the
sort ng_ll Aj, fyre, satisfying the following conditions: In each such term the multisets Jo sum

to I as multisets (some J,’s can be empty), we have Z’;ll re = n — 2, and the expressions with
te = 0 cannot show up with ], empty or a singleton.

Proof. For n = 2 the single term A;f satisfies the required properties (and one can
check that so do the terms showing up in our explicit expressions when 7 is 3 or
4), and we assume, by induction, that it holds for a multiset I of cardinality n. We
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consider a multiset of cardinality 7 + 1 which is of the form I + k for some index k, and

then Lemma 1.1 expresses fyZ”_lyI as the sum of two terms, the second of which is a
2n—1

Y
every product from f;"""y; by one expression, with the extra index k and with one
additional index y, we indeed obtain a linear combination of products of n terms, with
a total of n — 1 indices of y, and with A-indices whose multiset sum is I + k. For the
first term we let fyzaixk act via Leibniz’ rule on every product from 5”’1y1, yielding
products of n — 2 elements times the derivative that we evaluated in Lemma 2.1. Each
such evaluation yields three terms, the second of which is the original expression times
A fy, with which we have already dealt. The first term from Lemma 2.1 adds the index
k to the corresponding multiset ], (thus to the multiset sum I), and with the extra
term f,, having the empty multiset in the A-index and one index y more, we again get
elements of the desired sort. Finally, for each 1 < j < N whose multiplicity in J, is
positive, the third term from Lemma 2.1 replaces A}, f,~ by two terms (increasing the
number of multipliers by 1 yet again), one with j missing from ], but the additional
index y, and the other one, Aj;f, with the remaining indices to complete to the multiset
sum I + k and no y-index. As none of the expressions f or A;f shows up in this process,

this proves the proposition. u

constant multiple of Ay f, times the original expression
2n—1

y1. Since this multiplies

The proof of Proposition 2.2 yields, in its induction step, either a multiplier of f,
(having empty J. and 7. = 1), or a multiplier Aif, (with J, a singleton and r. = 1),
or a multiplier Ajf (whose multiset J. has size 2 but r. = 0). The fact that every
combination from that proposition must indeed contain one such multiplier essentially
follows from Proposition 5 of [Z] using cardinalities, but we reproduce the argument in
our setting. Note that in [Z] we considered coordinate-wise sums of vectors of the form
[” with / and r in IN. Here we have sets and numbers, but for keeping the notation we

shall write []] + [X] for [/1£] where ] and K are multisets of indices between 1 and
N, ] + K is their multiset sum, and r and s are non-negative integers. The conditions
from Proposition 2.2 mean that each term corresponds to an unordered collection of
n —1 “vectors” Hﬂ, with Yo [ ] =1,0,].

Proposition 2.3. Assume that we are given, for every 1 < e < n —1, a pair [{g |, and that if
te = 0 then the multiset ], is neither empty nor a singleton. Assume further that the vectors
[J] sum to [,L,]. Then either there exists e with J, empty and r, = 1, or there is e with

\Jle| = 1and r, =1, or we have |],| = 2 and r, = 0O for some e.

Proof. The proof follows that of Proposition 5 of [Z]. Note that the assumption on
the sum yields "~/ |Jo| + Y'_} e = |I| + n —2 = 2n — 2. Assume now that the first
case does not happen (otherwise we are done). Then we have |].| + 1. > 2 for every
1 < e < n —1 since the other two cases in which this inequality does not hold are not
allowed. Summing over e we obtain that ZZ;} Te| + 22;11 re > 2n — 2, but as we know
that the left hand side equals 2n — 2, we deduce that all the inequalities are equalities.
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The case where ], is empty and r, = 2 for every e would yield a sum of [ zfiz ] , and as
this is different from [n I 2}, this situation cannot occur. Combining this with the sum
2 property yields that either |J,| = 1 and r, = 1 for some ¢, or there is e with |J,| = 2
and r, = 0, as desired. This proves the proposition. U

Proposition 2.3 does not yet assure us that any product satisfying the conditions from
Proposition 2.2 indeed shows up in the formula for f;"_ly 1 (this will be a consequence
of the not-vanishing of the coefficients from Theorem 3.6 below). But we do see it in
the cases where we already have the complete formula. When n = 2 the only possible
product of a single element corresponds to [ /], and in case n = 3 we can decompose
[1], up to the order of the summands, as either [[] + [V], or [I(W + [i] fori eI
(where we write 7 in case the set [, is the singleton {i}). For n = 4 the unordered sums
producing (3] are [§] + [§]+ [, ['y] + [{] + [§] foreachi e I, [}]+ [T/] + [{]
for a multiset | C I of cardinality 2, the combination H}] + [I(ﬂ + [9] where 1 + >
is an unordered partition of I into two multisets of cardinality 2, and [’ \{Oi'j N[+

H] for two indices i and j with i and j in I when they are distinct or with i = j of
multiplicity at least 2 in I (we write I \ {i,j} and not I \ ij to avoid the ambiguity with
(I'\i)j, which may look like (I\ i) + j). Comparing these decompositions with the
expressions for the derivatives given in Equations (2), (6), and (9) exemplifies that the
terms in the formula for f2"~1y; are expected to be in one-to-one correspondence with

Yy
the products satisfying the conditions from Propositions 2.2 and 2.3.

Note that the expression that we seek is y;, and not the product fyZ”_lyI, so that we
consider the following modification. As the vectors Hg} with |J,| < 1 are excluded,

every vector [ )] with |Jo| + 7. < 2is [9] and corresponds to f,, which is expected to

show up in the denominator of the formula for y; rather than as one of the multipliers.
In order to be able to write the expressions for both fyZ"’lyI and y;, we recall that
partitions can be given in terms of multiplicities, and make the following definition.

Definition 2.4. Let a set I be given, with multiplicities {v;}Y |, and assume that n = |I| =
YN v; > 2. Then A stands for the set of partitions of [ ,1,] having n — 1 (unordered) parts,
none of which is of the form [%] or [}] for a singleton {i}. We shall write elements & € Aj
using multiplicities my, > 0 for multisets | and integers r > 0, with mgg = m; g = 0 for any
i € I (where the index i stands for | = {i}), and such that the equalities °; , mj, = n — 1 and
Yy, rmy, = n— 2 of numbers hold, as well as the multiset sum equality Y;,mj,] = I. We
also define Aj to be the set of multiplicities {mj, }{|j|1,>2) for which we have Y ; , m;,] = I as
multisets and }; .(r — 1)mj, = —1.

As in Lemma 7 of [Z], we shall need the essential finiteness of elements of the sets
Ar and A; from Definition 2.4, as well as a natural identification between these sets.
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Lemma 2.5. For any multiset I of size n > 2, and every element of Ay or of Aj, we have
mj, = 0 for all but finitely many vectors |]]. Moreover, there is a canonical isomorphism
between A; and Aj.

Proof. Note that for an element {m;j,};, of either set, the multiset equality yields
Yy |JImy, = n. Thus, if {m}, }{;1,>2) is an element of A; then the inequality condition
on the indices and the fact that multiplicities are non-negative bounds ) ¢|;;r>21 s
by Yqijj4r>23 (IJ| +7 = 1)my,, which equals n — 1 by the latter equality and Definition
2.4. The fact that we also have ¥, mj, = n—1 for elements of A; yields the first
assertion for elements of both sets. The isomorphism between the two sets is defined,
as in [Z], by taking the element & = {mj,};, € Ajto a = {mj,}j s>}, Which
means forgetting the multiplicity mg since mg o and m; for singletons {i} vanish by
definition. Subtracting the two general equalities defining elements of A; in Defini-
tion 2.4 shows that such elements satisfy }; ,(r — 1)m;, = —1, and since mg; does
not contribute to any multiset sum as well as to the sum ) ; .(r — 1)m;,, our map
indeed takes A; to A;. Moreover, given an element of Aj, in any pre-image of our
element in Aj, the multiplicity m;, is known when |J| +r > 2 and we must have
n—1=Y,,mp, = Y{j4+r>2) Mjr + Mg, which determines mg; and shows that the
map is injective. Moreover, as we saw that }¢|j4,>2) M), < n — 1 for every element of
A, the multiplicity mg ; that we must add for obtaining our pre-image is non-negative,
yielding the surjectivity of our map as well. The canonical map & — « that we con-
structed is thus a bijection. This proves the lemma. u

We can therefore obtain the initial form of the formula for y;.

Corollary 2.6. There exist coefficients {cy}nca, such that yy is a sum of the form

o TT (Afyymsr [ Ee=me],

&:{m],y}{‘]‘+,22}€A1 U|+7’22

Proof. Using Definition 2.4, we deduce from Propositions 2.2 and 2.3 that y; can be pre-
sented as the sum Y5, 3 c4, a1y, (Arfy)")r /fi"!. We replace, using Lemma

2.5, each @ € Aj by the corresponding a € Aj, denote ¢z also by c,, and merge

(Agfp)mer/ fz" 1 into fy 1=l Recalling the value of mg; that we attached to any
a € Ay in the proof of that lemma, this produces the desired expression. This proves

the corollary. O

We remark again that the coefficient ¢, from Corollary 2.6 must remain the same
when « is replaced by its image under a permutation of the indices that leaves the mul-
tiset I invariant, since the formula for y; must be invariant under such permutations.
This does not follow from the proof of that corollary, and will be established only after
we determine the formula for these coefficients in Theorem 3.6 below.

Remark 2.7. For every « € Ay, the sumh = Y ;1 ,>o M), is again the number of vectors in the
partition, but the partition now is of [ ,1,] (into h vectors). As with m;, = 0 for every | and
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r with |J| +r > 2 the equalities defining an element of Ay in Definition 2.4 are not satisfied,
we deduce that h cannot vanish, and since 2h = Y1142 2my, < Yyj>2([J| +7)my,,
and we saw in the proof of Lemma 2.5 that the latter sum equals h +n — 1, we deduce that
1 < h < n—1. It will thus be convenient to write A; = UZ;} Ay (a disjoint union), where
Ay is obtained from Ay by adding the additional constraint that ) ;o My, = h, which is
equivalent to -y ,>o(r — 1)mj, = h — 1. Then in Corollary 2.6 the summands that arise
from Ay, involve the denominator fy?”h Returning to Aj, we see that I only shows up in
the multiset equality, and we define A to be the set of all & = {mj,} 1,0} that satisfy
the non-negativity assumption mj, > 0 for every | and r, the finiteness of {(J,r)|m;, > 0}
from Lemma 2.5, and the equality Y°; ,(r — 1)mj, = —1 from Definition 2.4. It is clear that
Ul1j>2 A1 is a disjoint union that is contained in A (since I is determined as } ;, mj, ], which
is a finite sum defining a finite multiset), and we claim that this union gives all of A. Indeed,
for an element of A we get that Y. p>o my,|]| equals Y50 (]| +7 — 1)my, +1 (by the
defining equality from Definition 2.4), which is at least ) j| >, m],, + 1 by non-negativity and
the index restriction |J| +r > 2. But as the latter sum was seen to be h > 1, we find that by
setting I to be the multiset sum Yy, mj ] we get |I| > 2, and therefore every element of A
lies in a (unique) set Ay with |I| > 2.

3. THE COMBINATORIAL COEFFICIENTS

In order to be able to calculate the coefficients ¢, from Corollary 2.6, we shall con-
struct, as in [Z], a recursive relation for them. From the formulae that we have already
established, it follows that when |I| = 2 and « is the only element lying in A, this
coefficient is —1, and when |I| = 3 we get again a coefficient of —1 for the element of
As with [ ], while for the three other elements there it equals +1 when the elements of
I are distinct (if I is a multiset with multiplicities 2 and 1, then these become two terms
with the coefficients +2 and +1, and when I is a single element having multiplicity
3, these elements of A3 all merge to a single one, with the coefficients +3). When I is
a set of size 4 (meaning a multiset all of whose elements are distinct), we can divide
Equation (9) by fy7 and read the coefficients off the elements of A4 from there.

For establishing the recursive relation, consider a multiset I of size n, and in the
corresponding set A; from Corollary 2.6 we choose an element &, which determines the
multiplicities {m,};,. Given some index k, we define the following objects. First, take

a vector [ /] satisfying J +7 > 2 and m;j; > 1, and given ] and r we set the multiplicity

]fr]]rr to be mj, + 1 in case [/] is [9] or Uﬂ;k], to be mj, —1 when []] = [H, and
simply mj, in any other case. We define Eci’i
Assume now that [; | is with J # @ and with m;; > 1, and take j € J, with multiplicity

7j; > 1in ], such that if r = 0 then ] (which cannot be a singleton) is not {j, k} with

m

to be the set of multiplicities {mljr] ]rr} I

our index k. In this situation we define m’;]]:] to be mj, + 1if []] equals either [/¥] or

[;M], mj, —1in case [/] = []], and m;, otherwise. We then set &]{:i’j = {m’;]f]}]r
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Moreover, the multiplicity m* , , is defined to be mj, +1 when [/] = [¥] and m,

m,Jr
whenever [/] # [X], and we denote {m}, ; };, by d,. Using these definitions, we

obtain the following lemma.

Lemma 3.1. If Ec isin A;,1 <k < N, and ], #, and j are such that following the symbols are
defined, then [Xk S (x{{ t] , and &y, are all elements of A 1+k- Consider now the corresponding
expression cz [1; ,(Ajfyr)™r, and let f;aixk — (2n —1)Arfy, with n := |I|, act on it. The result
gives the combination with the following coefficients: If | and ¥ are such that |J| + 7 > 2, then
the product corresponding to &];’i appears multiplied by mj;cz; When j is in J with multiplicity

fjj and [ﬂ # [ %1, the product arising from oc] I comes with the coefficient —fjjm; yca; And
there is one addztzonal term, which is the product associated with &y ,, times the coefficient

—(n—1—mg1+ Zjlil(l + 0 k) Mi0) Ca-

Proof. We evaluate the action of fy 3, On Ca [1;,(Apfyr )™ via Leibniz’ rule, and the

action on the multiplier with ] and 7 yields the coefficient m; j7 from the exponent and
replaces this multiplier by the expression from Lemma 2.1. The first term from that

lemma yields, wherever || + 7 > 2, the asserted term correspondmg to &, ., as we

have the vector [/ k] and the multiplier f; instead of one instance of [/ /1. Considering
now the jth summand in the third term from that lemma, in the action on the multiplier
with | # @, j € ], and ¥ such that [?} £ [0 |, the vector [;} is replaced by [ T\i } and
we have the multiplier Aj f, increasing the multiplicity mj o by 1.

It remains to consider the second term from Lemma 1.1, the contribution of the sec-
ond term from Lemma 2.1 for every | and 7, the first term from Lemma 2.1 from the

action on the power of f, associated with [£ | = [9], and the third term arising from j

when the action is on the multiplier Aj f and [ﬂ = [/¥]. Every such expression pro-
duces the original expression times Ay f,, and therefore give a multiple of the product
associated with &; ,,. The coefficients with which this product appears in the terms thus
described are —(2n — 1)cs, the sum over | and r of |]J|m;,cz (which combine to +7ncj
because & € Aj, as Definition 2.4 implies), +mg1cz, and the sum over j of —Mjk,0Ca
times the multiplicity of j in the multiset {j, k}, which is 1 + 6; ;. This gives the asserted
expression, which also establishes, together with Proposition 2.2, the statement that all
of these sets of multiplicities lie in A (the latter is also easy to verify directly). This
proves the lemma. u

Lemma 3.1 evaluates the action of fyzaaTk — (2n — 1)Axfy on a single summand, as-

sociated with an element of A;. In order to find the total coefficient in front of the
summand corresponding to an element of A;,; when fyzaaTk — (2n —1)Agfy acts on a

combination of many summands from Aj, we need the dual notation to that used in
Lemma 3.1. Take thus an element B = {],}{|jj4r>2} from Ay (rather than Aj ).
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Consider first a vector [ﬂ with k € [, |[J|+7 > 3, and pj; > 1, and set yk“
be uj, — 1 in case [” =[] 11, 47, +1 when [I] = []\k}, and jj, otherwise. The

resulting element {3 ]r} {1+r22) will be denoted by ,8 . Now take 1 < j < N
such that yj o > 1 and take [J satisfying # > 1, |f| + 7 > 2, []} # [¥], and again

#i; > 1, and we define yb’]’ 7 to be ujr —1 when [/] equals either U] r [, pyp+1
if [/] =] r]j]} and #j, in any other case. We then set ,B "I to be the element with

multiplicities { yb, I } {|J|+r>2}- Finally, given § for which p; > 1, the multiplicity V];, I
is defined to be yj, —1 when [/] = [¥] and pj, in case [/] # [], and the element

7

{Vs,],r} {|J|+r>2) 18 denoted by By 4. Recalling that adding or omitting the tilde corre-
sponds to the map from Lemma 2.5 (in the appropriate direction), we establish the
following duality between these constructions.

Lemma 3.2. Given a multzset [Lwith |I| > 2, an index 1 < k < N, and an element B € A,
if any of the expressions [Sk , IB%J , or By q is defined, then it lies in Aj. Take also an element

& € Aj, and two vectors [r] and [} Under the assumption that [f | = [T+k] (which is
equivalent to k € [ and H | = [] J\k 1), we have that zx , is defined and equals B precisely when

,Bir_ is defined and equals «. Now assume that j € | for some1 < j < N and [r} = [r]lfl]

(01’ equivalently # > 1and [;} = r]i’” ), and then Ec]];:i’j is defined and equals B if and only if
IB%J is defined and equals o. In addition, B is of the form & ,, if and only if By 4 is defined and
equals «.

Proof. The verification that the two conditions from Definition 2.4 are satisfied for 'Bkj—'
%’j , and By 4 wherever B € Aj.y is easy, establishing the first assertion. Now, from
|]| + 7 > 2 the relation from the second assertion yields k € [ and |f| + 7 > 3 with our

[1], while if k € J and |J| +7 > 3 then |J| +7 > 2 for the value of [/ 1. Moreover
when [r} and [ ] are related in this manner, we interpret the equahtles B = tx | (e,

1y ’ forevery J and r) and a = ,B] " (namely mj, = =k ] wherever |]| —|— r>2).
Both of them are equivalent to the equahty uj, = mj, holding wherever [/] is with
|J| + 7 > 2 and different from both U | and [ﬂ, as well as to the equivalent equalities
pi=mj,+1>1land mp; = p;; —1for [/] = [” and pj; = mj; — 1, or equivalently
mr; = Pz +1 > 1 (yielding the other admissibility conditions), in case [/] = []].

For the remaining desired equality g = mg1 + 1, we note that if there is H | with
uj, > 1and |f| +# > 3 then we must have g > 1 (see the proof of Proposition 2.3),

and that both f and &), are in Ay, when & € Aj. This proves the second assertion.
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Assuming now that the relation between [7} and [/ [] from the third assertion holds
for some j, and then # > 1, j € ], and the conditions [ﬂ + []k} and [ ] # [*]

]]for

are equivalent. In this case we unfold the equalities = &y t] (namely pj, = m,}’,

every Jandr)and o = ,B P (which means m;, = P‘Z; ) wherever |J| +r > 2) as follows.
Given [/] with |J| +r > 2 both of them mean that yij, = m;, when []] does not equal
(1], [” r [ ¥1; that the equivalent equalities ppp=mp;+1>Tand mp; = pj; —

r

hold wh~en [7} = [?], that we have Pip = Mz — 1ie, mpy = Ujz+ 1>1,in cgse
[1] = [I]; and that pjro = mjo +1 > 1, meaning that mjo = pjo— 1, if []] = Hﬂ.

r
As all the required admissibility conditions are deduced from the inequalities in the

process, and the remaining equality yg 1 = mg is now a consequence of the fact that

E and &t’? are in Ay, the third assertion follows.

Proving the fourth assertion is shorter: The equalities f = & ,, and a = ;4 both
mean that yij, = mj, for every vector [/] with [J| 4+ > 2 that is not [X], and that
Hra = my 1 +1 > 1 (yielding the admissibility condition) and my ; = px; — 1, and then
having both B and &f N Ak implies that yiz 1 = mg . This completes the proof of
the lemma. U

Recalling the Kronecker é-symbol, we shall also be using the complementary symbol
31-,]' =1-4;;, yielding 1 when i # j and 0 if i = j. We shall also need a truth symbol Js,
which equals 1 when the statement S holds and 0 when it does not. We can now express
yr and yrx via the formula from Corollary 2.6, and we obtain the following recursive
formula for the coefficients ¢, appearing there, or more precisely cg for f € Ap .

Corollary 3.3. Take B € Ap.y for a multiset I with |I| > 2and 1 < k < N, with multiplicities
{110} ]| 4r>2- Then the coefficient cg equals the sum of the expressions

2|f|+?22 5uff,05kef5|f\+f,z(Plf\k,f + 1)Cﬁ£,f_z

Bl
(where the symbol ﬁj is the multiplicity with which j appears in the multiset f), and _E#k,lro ( Z| Jl+r=2THr+
Ejlil (1+ ‘5‘,k)ij,0) CBra

Proof. Following the proof of Corollary 2.6, we write f2" ly; and fy2”+1y1+k, where
n := |I|, with the corresponding multiplicities, and Lemma 1.1 shows that the operator
fy ax — (2n — 1)Axfy sends the former to the latter. Take the element B € Aj, that
is assoc1ated with B, and consider all the contributions involving the corresponding in

that action. Lemma 3.1 implies that these contributions come from the elements & € A;

]r
k,+

for an admissible vector [/], or &y t] for appropriate [;} and j € J, or & ;. Lemma 3.2

_ N o= = = )
24722 O 0 =1 Opuji,007,00 U A+ 1) (Hjyjpo1 + e

f

(with corresponding element & € Aj as in Lemma 2.5) such that 8 equals either &
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implies that this is equivalent to 3 being &i,\f? where « is the element ,Bir_ of A; with

J being a multiset containing k and 7 being such that |f| +# > 3 and u j» = 1 orto B

. JHj-1 EZ I M a
bell;’lg oc,{,t]r for a = 5%7 with? > 1, || +7 > 2, U] # [X], iy >1,and pjro > 1, or
to p = &, with a = By 4 in case p 1 > 1.

The value of cg is obtained by gathering all of the corresponding contributions from
Lemma 3.1, with the appropriate value of 1;;, and with the J and 0 symbols presenting

the admissibility conditions. This produces the two sums over |f| +# > 2, and in the
term involving cg, ,, Lemma 2.5 expresses the parameter mg; required for completing
Bra € Ar (with |[I| =n) to fryasn—1— Y|j|+r>2 M. Definition 2.4 thus implies that
n—1-—mg;equals ) ,>,rmj, +1, and recalling that for By 4 the parameter m;, was
defined to be j1j, —1in case ] = {k} and r = 1 and i}, in any other case, the coefficient
multiplying cg, , is the asserted one. This proves the corollary. O

In order to establish the formula for the coefficients from Corollary 2.6, we intro-
duce the notation J! for Hfil ;' when | contains each 1 < i < N with multiplicity
1; (complementing the notation ( I]<) used in Definition 1.2), and define the following
combinatorial numbers.

Definition 3.4. Consider, inside the set A from Remark 2.7, the element n with multiplicities
{my+}{|)|4r>2)- We then define the number

Ca ::( ) rm],r>!< ) m],])!/ [T r™rmy, .
J|+r>2 Jl+r=2 |J|+r=2

If a lies in Ay, where I contains each 1 < i < N with multiplicity v;, then C, counts the
number of solutions to the following question: Assume that one is given balls in N + 1 colors,
with the last color being red, such that there are h — 1 marked red balls, and for each 1 <i < N
we have v; marked balls. Then C, counts the number of possibilities of putting the balls in h
identical boxes, such that for every | and r, there are mj, boxes that contain r red balls and 1;
balls of the ith color, where n; is the multiplicity to which | contains i.

As in Faa di Bruno’s formula, as explained in, e.g., [J1], and as in [Z], we have m;,!
in the denominator of C, from Definition 3.4 to represent the fact that the boxes are in
the combinatorial question given there are identical. The coefficients from Definition
3.4 satisfy the following recursive relation.

Proposition 3.5. Assume that B = {jj}{|j|4r>2) is an element of Ay for a set I of size
n > 2 and some index 1 < k < N. Then Cg is the sum of

Z\f|+f22 5Vf,ff05k6f5|f|+f’,2(‘uf\k,f’ + 1)C5£,f_,

_ NI )
Y|7[+#22 Oz 0 Lj=1 Opj,007,00 1)) @+ 1) (Hjyjp1 +1)C I7)
; ,

7
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(where again 1); denotes the multiplicity of j in f), and the two expressions Sﬂk,lfo Z]'Ii1(1 +

8 )Mk 0Cpy g ad Sy 0 Xjj)4r>2 TH1,rChy -

As in [Z], the two multiples of Cg,_, will play different roles in the proofs of Propo-
sition 3.5, both the one immediately following and the combinatorial one given after
Theorem 3.6 below.

Proof. By setting h := } ;>0 }t),-, We find that f € Aj,yy, and all the asserted terms
involve, by Lemma 3.2, coefficients C, for elements &« € Aj. Assume first that ]
is a multiset containing k and that # is a number for which we have |f| +7 > 3
and y;, > 1, meaning that the J-symbols do not vanish for the corresponding sum-

mand in the first asserted sum. The fact that in the definition of ﬁk we subtract 1
from p;;, add 1 to pj; ;, and change nothing more (compared to ,B) means that the

sum ) j1,>2 #j,r, OF equivalently ), ,>o 7yi),, remains unchanged, and thus ﬁk _
Ary. The contribution of the corresponding summand is therefore pip; + 1 times

(h=DT/ T2 ;t (r']‘)” i, Substituting the ;uk]r ’s, we get that the total power

of each ! in the denomlnator as well as that of the 7;’s for i # k that form the expres-
sion J! (which are the same for [ and | \ k), are the same as for Cp, and so are the other
parts of the denominator that arise from vectors [/] that do not equal [” or [/ .
Combining the remaining parts of the denominator, in which 7 is the multiplicity of k
in | (and thus the multiplicity in J\ kis fx — 1), with the external multiplier yields

Ppgs T1 _ Mk
(Ar—1) st 1(ptf\kf—i—1)!ﬁk!“ff_1(y DU (e DI g g !

’71”“
v+1c

here arising from the numerator in Definition 3.4 for C4 containing (v + 1)! instead of

meaning that for such | and # the total expression equals p (the denominator

our v!). Noting that the vanishing of Syf .00cf is equivalent to that of the numerator
flkij ;. only the restriction |f| +# > 3 from the multiplier 5| j|+7, Temains meaningful. It
follows that these terms contribute VCH L\j|4++>3 MM} in total.

We now take some 1 < j < N w1th Hiko = 1, and consider 7 > 1 and a multi-
set f_, with [” # [¥], for which [J| +7 > 2 and p;; > 1 (so that theAcorrespond-
ing J-symbols do not vanish), and write 7j; for the multiplicity of j in | (so that its
multiplicity in | +j is i +1). We have h > 2 under these conditions, and since for
,3] "] we subtract 1 from Mjko and p;, and add 1 to p; i1, We obtain that this el-
ement lies in Ajj_;. The corresponding contribution is (7 +1)(pj,;_4 + 1) times

4 k,J 7,
(h = 2)11'/ TTj4r2 yﬁ:] I(r1]1)#v)r . The denominators arising from any vector [/ ]
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other than H 11 r]j{], or []m are the same ones as in Cg, and so are the powers of 7;!
for i # j from J! in the first two among the remaining vectors. The external multiplier
and the remaining parts of the denominator give

A+ D (Hjyj- +1) /(1 + 8, )"0 (pjo — 1)!
[+ DNE = DT gy + DU (g = 1)!

in total. This amounts to (1 +J; )k ofp j» over the parts of the denominator of Cy that
are associated with our three vectors, and recalling the numerator of Cp, the contribu-

+0 k) 1jkofH7 5 . N . .
tion of such an element is %Cﬁ Summing over |, 7, and j, and observing

that the vanishing of 5”/ 005,0,007,0 is implied by the corresponding vanishing of the

Hjk,0/
numerator (but not the one of the ¢ associated with the restriction [” # [X]), the sum
N (146, 1)1jx0Cp s

over these elements equals } ;" T 0eT) 2[ 1£[¥] P -
It remains to consider, when pj 1 > 1 (and thus h > 2 once more), the two terms in-
volving Cg, ,, which lies in Ay 1 due to the subtraction of 1 from py ;. These terms are

. k
z}ila + 6 ijko and Xy ooy, = h—1 times (b —2)!11/ T]jj 4,22 y’;,]’r!(r! JOHdr,

All the denominators other than the one arising from [/] # [] coincide with those

appearing in Cg, and as the remaining one is the multiplier ﬁ = ;%1 for Cg, , and

N Jr(5] k)ijOﬂkl
=7 in Cg, the same numerator considerations identify our terms as Z] 1 WC B

with the symbol 5%1,0 becoming redundant because of the multiplier yy ;.

Hk

1i1Cp
and ve+1 7

. C \
We therefore have to consider Vk% Z| fl+7=3 Tkt 5 plus

N ik .”]kOC/S N (146 1) ik otka 11Cp

s RIPRORL o PlIZp

; Vk+1 —1) [f]g[k]ﬂl],r ]; (vg +1)(h—1) p v +1
# 1

involving four terms. Noting that p ; in the third term is just the summand 7y I for

the missing vector H] = [}] in the second term, and together the sum Y5 s~, 1}
equals h — 1 via Definition 2.4 and Remark 2.7, the jth summand in the sum of those two

(146 )k 0Cp ik
— v+1 here is Mk for [1] = [/7],
k

the multiplier i1 in the fourth term is the one associated with [ } = [¥], and for any

terms equals just But the multiplier of

other vector [] | with |f| +# = 2 we have 7j; = 0 and therefore no contribution. It means

that the total expression is chﬁ Lj|4+7>2 ki 4 and the sum equals vy 41, thus canceling
the denominator, for € A, by Definition 2.4. This proves the proposition. O

We can now prove the following explicit formula.
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Theorem 3.6. For every element « in the set Aj from Definition 2.4, where I is the multiset
containing each 1 < i < N with multiplicity v;, of size YN | v; > 2, let C,, be the constant from

Definition 3.4. Then the expression [Tjjj,>2(Ay fyr)™r / fy TRz M corresponding to a in

the expression for yy in Corollary 2.6 comes multiplied by the coefficient (—1)X+r=2"1rC, ice.,
we have the formula

(—1)Z|I\+r22 er(Zm_sz rm],r)!l! ‘ Hm+r22(A]fyr)m],r
wEA] HIIHrZZ rrmy A f;+zm+r22 myy

Y1 =

Proof. Having the formula from Corollary 2.6 at hand, we only need to prove the equal-
ity ¢, = (—1)X0+>2"rC, for every a € A;. We saw that when |I| = 2, the set A;
consists of a unique element, in Aj 1, in which m;, equals 1 when | = I and r = 0 and
0 otherwise, with C, = 1 in Definition 3.4, and the formula from Equation (2) yields
the desired result. We therefore assume, by induction, that the statement holds for
every o« € Aj, take some 1 < k < N, and wish to prove the formula for an element
B = {mpr}t{j|+r>2) Of Aryx (this will clearly establish the result by induction for every
multiset I). Corollary 3.3 expresses cgasa combination of coefficients ¢, for « € Aj,

and note that if B € Ajx ) for some h then if ‘Bkr_ is defined then it is in A;j, and the
corresponding contribution from that corollary is with a + sign, but when an element

i’;’j or B4 is defined, it belongs to A;j,_; and yields a contribution with a — sign.

The induction hypothesis allows us to write ¢, as (—1)"C, or (—1)"~1C, (according to
whether our a isin Ajj, orin A;;,_1), with C, from Definition 3.4, and then (—1)hc[; be-
comes the formula from Proposition 3.5. As this proposition compares that expression
with Cg, we obtain the desired formula. This proves the theorem. O

Note that the formula from Theorem 3.6 is indeed symmetric, in the sense that if we
apply a permutation to the indices 1 < i < N that keeps I invariant, the expression for
y1 remains invariant under this operation (as it should be).

For examining Theorem 3.6, let us consider the formulae that we have for I of size
n = 3 or n = 4. In the former case the explicit formula is given in Equation (6), and
we saw that in this case Aj; consists of a single element in which mp = 1 and the
other multiplicities vanishing, while A;, contains one element with m;q = mp;q =1
and the other m;,’s vanishing, for every i € I. Now, Definition 3.4 assigns the value 1
to the element of A1, and one can verify that it associates 1 to an element of A, with
i ¢ I\i,2wheni € I\ibutl # {i,i,i}, and 3 in case I = {i,i,i}. As this coincides
with the number of summands in Equation (6) that contribute 1 to A;f, - Ap;f, this
equation is indeed in correspondence with Theorem 3.6. When n = 4 and I is a set,
with no multiplicities, the set A; was seen to consist of the following elements: Ay,
has only the element with m;o = 1 (every multiplicity without a written value is meant
to vanish); In Ay, there are the 4 elements with m;; = mp ;o = 1 and the 6 elements
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in which mj; = mp ;o =1 for a subset ] C I of size 2; And A3 contains 3 elements
having mj, o = mj,0 = mg, = 1 for unordered partition of I into two sets of size 2, as
well as 6 elements with mjo = 1 and m;; = 1 for the two elements i € I\ J. Now, in
Definition 3.4, the v;’s from I!, the 7;’s from J!, and the m,’s are all 0 or 1, so that the
coefficient C, is just (h —1)!/ T, r!"7, and since this gives 2 for the second type of
elements in A3 and 1 for all the rest, Equation (9) is indeed the incarnation of Theorem
3.6 for this case (one can verify that when some of the elements of a multiset I of size 4
coincide, the identification of elements in Equation (9) and the resulting coefficients in
Definition 3.4 indeed match one another for such a case as well, as Remark 4.5 below
predicts).

The coefficients C, from Definition 3.4 have a combinatorial interpretation, meaning
that Proposition 3.5 (and thus also Theorem 3.6) should have a combinatorial proof as
well. We now present this proof, which parallels the one we already gave, but from
the combinatorial viewpoint. Take B € A4, which we again write as {, } (|7 4r>2},
where the multiplicity of i in I is v;. Recall that Cg counts the number of ways to put
a collection of marked balls, with v; + é; of the ith color and & — 1 red ones, into h
identical boxes, under the restriction that if | is a multiset containing each index i with
multiplicity #; then the number of boxes containing #; balls of the ith color and r red
ones is 117 ,. We investigate this set of possibilities according to solutions of a similar
problem with the elements of A that show up in Proposition 3.5, recalling that we only
allow boxes containing at least two balls (of any mixture of colors).

Consider the ball of the kth color, with the marking vy 4 1. In some possibilities it
will lie in a box containing at least 3 balls, i.e., the content of the corresponding box is

described by (1), with k € [ and with || +# > 3. Taking the ball v + 1 out yields a

solution to the problem of possibilities for ,Bir_ Conversely, for every solution for ,Bir_
we can get a possibility for by adding the ball v + 1 to any of the boxes with ball
k.j?
"o
Proposition 3.5 therefore counts all the possibilities for § where the ball v; + 1 sits with
at least two other balls in its box.

The next possibilities that we focus on are those where the ball v + 1, of the kth color,
shares its box with a single other ball, which is red. Then y;; > 1 and thus i > 2, and
the red ball can have any of the & — 1 markings. Removing the entire box produces a
solution for the question associated with B ; (with the markings of the red balls being
the complement of the one in the box we took out), and for any of the i — 1 possible
red markings, and any such solution for By ; with the chosen red marking missing, we
can add a box with the chosen missing red ball and our ball vy + 1, and get a possibility
for B. This means that the fourth term in Proposition 3.5 (where we recall that the sum
in this term equals & — 1) involves precisely those possibilities for p in which vy + 1 is
one of two balls in a box, and the other ball in that box is red.

content (f ;k), and the number of such boxes is y = Mj\k; T 1. The first term in

Online Journal of Analytic Combinatorics, Issue 18 (2023), #06



22 SHAUL ZEMEL

It remains to count the possibilities in which the ball v; + 1 has only one box-mate,
and this box-mate is not red, but rather of the jth color. In this case Hiko = 1, so that
h > 2 once again because € Ay and n = |I| > 2. Taking out the box will not give
a solution for an element of Aj, so that in order to obtain such a solution, we remove
our ball v, 4+ 1 and the red ball 1 — 1 (and the box), and put the box-mate of v; + 1
in the place of the red ball & — 1. The box containing the red ball & — 1 is associated
with [ and # such that |f| +7 > 2 (as always) and # > 1 (due to the existence of the
red ball & — 1), and as the box-mate of v + 1 is of the jth color, after this operation the

box of h — 1 will now be associated with Uj{ } . Moreover, the removal of the box itself

means that we took out a box corresponding to Hﬂ, so that after this process we get

a solution for the problem corresponding to ,B%] when U | # [¥], and to By 4 in case
[” = [¥]. On the other hand, from J and 7 with [” # [¥] and a solution to the

question for 5]{2] , for producing a possibility for f we choose a box corresponding to

[ /177 (of which there are y:: ﬁ]]ﬂr .
are 7]; + 1 of those, when the set is J + ), and we replace this ball by the red ball 1 — 1
and take an extra box to put that ball and our ball v; + 1 in it. Similarly, with solution
for the problem for B ; we do the same for | = {k} and # = 1, so that we take a box

with a ball of color k and a ball of color j (there are VZ, 0 = Hik0 of those), take a ball of

= Hjyjpy1 T 1), and a ball of color j in it (and there

color j in it (of which there are 1+ ¢;), and carry out the same process of replacement
and an extra box. It means that the jth summand in the third term in Proposition 3.5
counts the possibilities for B in which our ball v, 41 is in a box with only one ball, of
the color j, and the red ball & — 1 is in a box with a single box-mate of color k, and the
jth summand in the second term in that proposition accounts for the possibilities for
B where v, + 1 still has a single box-mate of color j, and the red ball 1 — 1 sits in any
other type of box.

Thus, for understanding the combinatorial meaning of the proof of Proposition 3.5,
we note that in the possibilities for B, the ball of color k and marking vy + 1 can lie

either in a box associated with [” for which k € f and |f| +# > 3 (assuming that
Mj; > 1), or in a box of type [§] if px1 > 1, or in a box corresponding to [/¥] for some
j when .o > 1 (this accounts for all the possible pairs [” with |f| +7 > 2and k € ).
When the third option occurs we have /1 > 2, and the red ball # — 1 can ei’Eher belong
to a box associated with [¥] (in case ;1 > 1 again), or in any other type U | # [X] of
box, provided that u i >1, m + 7 >2,and 7 > 1 (as the box contains a red ball). As it

is clear that these options are mutually exclusive, and we saw that each of these options
produces a number of possibilities that is the appropriate multiple of the number of

solutions for the question associated with the corresponding a € Ay (this a was [Sii,
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Bk, Bra once more, and ,Bi:,] respectively), this completes the combinatorial proof of
Proposition 3.5, and consequently of Theorem 3.6 as well.

4. THE MEANING OF THE EXPRESSIONS A fyr

The expression for y; in Theorem 3.6 simplifies under the assumption that f; = 0 for
every 1 < i < N. Then, in the sum defining A j8 in Definition 1.2, all the summands

]l

in which K is not the empty multiset vanish, so that A;g reduces to g;f,', and in

particular we have A;f,r = f,r f]y | for every | and r. Substituting these into Theorem

3.6, and cancelling the product over all | and r of the powers fyU ™1 with fy from the

numerator (since ) . |J|m}, = |I| = n), yields the formula

r m/,,
(10) Y = Z (—1)2\]\+r22 my, (ZU‘JH’EZ T’m],r)!“ . HUH‘T’ZZ f]]/r
aEA] L1 r1rmy AT fyZUHrEZ mpy

As I am not aware of a publication containing the partial derivative analogue of Theo-
rem 2 of [J3] or of Equation (7) of [Wi] in this generality (Equation (2.9) of [Y] is close to
such a formula, but under some restrictions on the value of f,), it seems that Equation
(10), in this setting is also new. It will also be a special case of Theorem 4.2 below, which
can be proved in a manner similar to that from [J3] or from [Wi], with our notation. We
will prove it, however, using the adaptation of the argument from [Z].

To do so, let {fi(Xo,y0)} Y, be arbitrary yet again, and define the function ¢, also of
N + 1 variables, by setting ¢(X,z) := f(X,z+ A - ¥) for a vector ¥ and another variable z,
where A is a vector (A1,...,An) € RN and A - % is the standard scalar product Efil Aix;.
For zg = yg — A - Xy the derivative of ¢ with respect to z yields ¢, (¥, yo — A - ¥o) =
fy(X0,¥0) # 0, meaning that z can be given as a function of ¥ in a neighborhood of
Xo by the equation ¢(X,z) = 0 (and the initial condition z(Xy) = zo = yo — A - %)
It is now clear that with z thus defined and y given in terms of f(¥,y) = 0 we have
y(x) = z(x) + A - (¥ — Xp). Differentiating with respect to x; produces the equality
@i = fi + Aify for every 1 <i < N, and therefore if we consider the derivatives of f at
(X0, y0) and choose each A; to be y;(Xy) = —%, then we obtain z;(Xp) = 0 for every i.
We can now prove the following relation.

Lemma 4.1. For this choice of A we get ¢ jzr = Djfyr/ y‘] | for every multiset | and integer

r>0.

Proof. It is clear (e.g., by induction on r) that ¢,r(¥,z) = f,r(¥,y) under the relation
y = z4+ A- (X —Xy). When applying a derivative with respect to some x;, we get
@iz (¥,2) = fiy (X, y) + Aif,r01(%,y). By doing it repeatedly, with the various indices
1 <i < N, according to the respective multiplicities #;, and using the binomial identity
in the part of ( I]<) that corresponds to the index of differentiation, we obtain by induction
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that ¢}, equals ZKg(—l)m (I]<)f(]\l<)yf+\1<\ - TTiek Ai- Recalling the value —% of A;, this
is indeed obtained from the sum from Definition 1.2, in which we take g to be f,r, after

division by fyU | This proves the lemma. U

Using Lemma 4.1, knowing that the formula from Equation (10) (in which elementary
derivatives of f appear, and not the heavier combinations from Definition 1.2) is valid
when the first derivatives y;, 1 < i < N of y vanish at Xy, yields the general formula
given in Theorem 3.6. To see this, we define z in terms of ¢ as above, with the values of
the A;’s with which z;(Xy) = 0 for every 7, and then Equation (10) gives the expression
for z; using the derivatives of ¢ with respect to the variables x;, 1 < i < N, and z.
The fact that the difference between y and z is a linear function of X implies that y;
is the same as z; when |I| > 2, but we need it in terms of the derivatives of f and
not ¢. Lemma 4.1 does the required transformation (including replacing every ¢, in
the denominator by f,), and as the total denominator will also contain f, raised to the
power Y, . |J|mj, = |I| = n, the the formula from Theorem 3.6 follows.

Theorem 17 of [Z] reproduces, in the case of an implicit function of one variable,
the formula for y(”) from [J3] and [Wi], which contains just the products of partial
derivatives of f, without the vanishing assumption. We now aim to state and prove
this formula in our setting. Thus, in analogy to Definition 2.4, we let B; be the set of
multiplicities {sp;} ¢, taken over multisets H and integers t > 0, such that the equality
Yr s H = 1 is satisfied as multisets and we have Yy ,(t — 1)sy; = —1 as numbers,
as well as sp g = sg1 = 0 (adding s; g = 0 for every 1 <i < N to elements of A; shows
that A; C Bj, but the inclusion is typically strict, as s;( are allowed to be positive in
elements of Bj). The same idea from Remark 2.7 partitions B; as Ug Brg, where the
index g for which an element {sy;}n; € Bj lies in Brg is Y5y ;5n, Once again we
immediately have ¢ > 1, and note that if [I| = 1 then ¥ ;> (|H| + t)sp ¢ is bounded
from below by 2 Y| 15251t = 2(§ — it Si0) but equals n+¢ —1— XY, s;0, and as
YN 1 8i0 < Y |H|sp = |I| = n, we obtain that the union goes over 1 < g < 2n — 1.

We also set B to be the union ;> By (a disjoint union, since I is determined as the
multiset sum Yy ; sy ¢H of an element of B), where for a singleton I = {i} the set B; is
not empty, but rather consisting of the single element in which s;y = 1 and the other
multiplicities vanish (but By is empty). Analogously to Definition 3.4, we set

(11) D, := <ZtsH,t> ! (ZsH,tH>! [Tt p o H
H,t H,t H,t

for any ¢y € B, with a similar combinatorial meaning. For proving the formula for y;
using products of partial derivatives of f, one can establish an analogue of Corollary 2.6

. Y HtSH, . .
stating that yr = Y . —(s,, ,},,eB; [dv [a: f Isfj;f / fr t} , and the main result is that for
v € Brg the coefficient d,, equals (—1)$D., (note that this covers the case with I = {i},

hence |I| = 1, where we already know that y; = —L;, since the unique element -y of
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B; = B, satisfies D, = 1 via Equation (11), and hence d, = —1). We express this result
as follows.

Theorem 4.2. For every multiset 1, of size n > 1, we have the equality
2n—1 (_1)

90 .
yr=3, )3 3 VHfHP;I/’t'

8=1 y={sy}n+€Brg fy H,t
where the coefficient D., is the one from Equation (11).

The expression from Theorem 4.2 has the same required symmetry property that was
mentioned after Theorem 3.6, namely invariance under permutations that preserve I.

Now, Theorem 4.2 can be proved by induction, using an analogue of Proposition
3.5 that is suitable for the action of differentiation on such expressions (such a direct
proof of Theorem 17 of [Z], i.e., in the case of ordinary derivatives, is detailed in [Wi]),
but we will prove it, for |I| > 2, using Theorem 3.6 (and we already mentioned that
the case where |I| = 1 is the known, classical formula). Considering an element v =
{sut}tnt € B, let Zy be the set of all collections of numbers {qp t K } || ++>2,k| < Satisfy-
ing Y|k|<¢ 9m,tk = sH,t for every H and t with |H|+t > 2, as well as Y| H|+£22 K| <t KiFH K =
sio for every 1 < i < N, where «; is the multiplicity of i in the multiset K. We comple-

ment the notation J! and ( I]<) for multisets by writing (;) for the multinomial coefficient

t _ t _ 3
(Kl,...,KN) - (t_|K|)[Hll\i1 k! KI(t—[K]
following lemma.

I (which vanishes unless t+ > |K]|), and prove the

Lemma 4.3. The formula for y; in Theorem 3.6 expands, in terms of the derivatives fyy, and
the explicit expression {sp ¢}, for elements 7y € By g, to yield the sum over 1 < ¢ <2n —1
of the sum over 7y € By ¢ of

I R T Loy
[Tg, ($LH!)H H KK fi

{9n,tx HEKEZy |K|<

Proof. Write each expression A, f,r from Theorem 3.6 via Definition 1.2. Then the Multi-
nomial Theorem expresses it m;,th power as the sum over all collections of num-

bers {4}, }xcy satisfying Y- gy x = mj, of the product [Txc; [(—1)‘K|(I]<)g(]\l<)yuq -
[Licx fi - fyU =IKN7x times the multinomial coefficient m 1.4/ Tkc) dyx!. We take the
exponents {1, }{|j+r>2} to be an element a from the set A from Remark 2.7, multi-
ply our expressions over ] and r, and multiply further by the coefficient ¢, = (—1)"C,
from Theorem 3.6 and Definition 3.4. The factors m;,! cancel, and when we expand
each (I]<) as [TV, (7’;’:) (using the respective multiplicities of 7), then the powers of ;!
forming J! also cancel for every 1 < i < N (but the products of «;! and of (17; — x;)!

merge to K! and (] \ K)! respectively). As the product of the expressions fyU | cancels

with f} from the denominator, and the power m), of r! in the denominator of C, (or

Online Journal of Analytic Combinatorics, Issue 18 (2023), #06



26 SHAUL ZEMEL

Ca) i8 Yk Gy, k, we deduce that in the term corresponding to &, the summand arising
from the collection {4,k }kcj is

g d1,K ~
(h— DI, frrs il f iy / Ak

(12) 7 h+¥k IK|G qrrx’
VRIS N s T A (S I VAV D R

where each triple sum };, x stands for } ;1,2 Y xc;- Now, Equation (12) does not
contain the parameters mj, of a, meaning that when we take the sum over a € Ay
we obtain the sum of the expression from that equation over all collections of numbers
{q ],r,K}| J|+r>2,KC] that satisfy the equalities }.;, x §j,x = h, ¥, x"qjrx = h—1, and
Yk Midrrx = Vi foreach1 <i < N (ie, Y5,k qyrx] = D).

Now, for each {7}k }|jj+r>2kc), the exponent of f; in Equation (12) is }_; . x i}k,
and we therefore separate our set of collections according to the value s;( of this sum,
for each 1 < i < N. This (non-negative) value is bounded by }_;, x 7:4;x = vi, and
note that the exponent showing up twice in the denominator is just Y_I¥ ; s; o, which thus
lies between 0 and n. We recall as well that for the total expression from Theorem 3.6 we
also need to sum over 1 < h < n — 1. We shall write H for the multiset difference J \ K
and t for r + |K|, so that |[H| +t = |J| +r > 2 and K satisfies |K| < t, and we denote each
number §j,k = Jyik—|k|k @S just qutk. As summing over ], r, and K is the same
as summing over H, f, and K (and the total sum ) p; x means } | 2 Y x|<¢), the
restrictions on the numbers in the collection in this notation become ) 'y ; x gH . x = h,
YHtk PidHLK = Vi — 8o (Where p; is the multiplicity of 7 in H), and } g, x tqHtx =
h+ YN sio—1. We also replace h by ¢ := h+ YN, s;, satisfying 1 < ¢ < 2n — 1,
multiply and divide by t!, and gather the corresponding factorials into the binomial
coefficient (It<), and then Equation (12), written in terms of a collection {qp¢x}Htk
satisfying the restrictions given by the above equalities, becomes

; LK|<t HLK
(8= XMy sio— )T, £ f

Hy! 1 ( t ) qH,tK
(_1)gf?g |H|+t>2 (t!H!)Z‘K‘StqH’t’K |K|§tqH,t,K! K

We thus set sy 1= Y k< gm,tk for every H and t with [H| 4+t > 2, complete it with
the values for s;p, 1 < i < N from before, and with szy = sg; = 0 we obtain that
{sH,t} 1.t lies in B . Noting that t!H! = 1 where H is a singleton and ¢t = 0, and that
the collections contributing to the expression associated with an element y € Bj ¢ are
precisely those lying in Z,,, this proves the lemma. U

Our proof of Theorem 4.2 uses the following result.

Proposition 4.4. Assume that for every multiset H and integer t > 0 with |H| +t > 2 we
have a non-negative integer sy ; such that sy = 0 for all but finitely many pairs (H, t). Define
g by the equality Y\ 4> tsu = § — 1, and assume that for every 1 < i < N we have an

integer s;o > 0 such that YN ;s;0 < ¢ — 1. Then, if +y denotes the full set {sg s} and
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. t\9H,tK .
Z.y is as above, then the sum Lqp. vy ez T2 SHA T ik <t (%) /qm,x! gives the

multinomial coefficient (g 3 *iN -

We shall give a combinatorial proof to Proposition 4.4, since an algebraic one seems
hard to establish.

Proof. Assume that we are given ¢ — 1 balls, and that for every H and t with |H| 4+t >
2 there are tsp; balls that are marked with H and t (the total sum )y, tsy; of the
numbers of balls indeed equals g — 1). Assume further that the balls with the markings
H and t arrive packed in sy, identical boxes, with each box containing t balls. If we
wish to collect N disjoint sets of balls, of respective sizes s;5, 1 < i < N, from these
g — 1 balls (with a remainder of g — Zfil s; o balls), then it is known that the number of
ways to do so is ( 51,(5- iNO) We call this a collection of sets of balls, and the sizes {s;o} N,
of the sets are fixed parameters.

We now count this number of choices in a different way, which is based on the
markings of the balls and their partitions into the boxes. Considering a collection of
sets of balls, a multiset H, and some t with |H| +t > 2, take K to be a multiset with
multiplicities {x;}}¥,, and let gk denote the set of boxes of balls with markings H
and t from which we took precisely x; balls for the ith set. The fact that the sets are
disjoint and there are f balls in every such box means that g5 ; x can be positive only if
|K| < t. Given such a collection of parameters {qp ¢k } i + k, the number of possibilities
to choose which gp ; x of the sp; boxes are those from which we take balls according
to K is sp 4! / [Tikj<t 9m,1.x!, and after determining such a choice, the number of ways
to take x; balls to the ith set for every 1 < i < N from the ¢ balls in each of the gk
boxes determined for this is (4). The choices over the boxes are independent, yielding
[Tikj<e ( Ii)qH’t’K, which we then multiply by previous factor, and as the choices for each
H and t are also independent, this gives the product associated with {qp+ x } g+ k. Now,
since from every box with H and t we took some (possibly empty) set of balls, the sum
YK|<t 9H .tk equals the number of such boxes, namely sy, and for every 1 < i < N
the sum } p; g KigH .+ k e€quals the number of balls in the ith set, which is s;o. This
means that {gy+x}Hk lies in Z,, and since every element of Z, contributes in this
way, and the contributions count distinct ways to choose the balls, the sum over Z, of
our expressions indeed yields the multinomial coefficient from the direct answer to this
question. This proves the proposition. U

Theorem 17 of [Z] was already known from [Wi] (and in some sense [J3]). However,
this does not seem to be the case for our Theorem 4.2, in this generality. We therefore
supply its proof.

Proof of Theorem 4.2. Lemma 4.3 already expands the expression from Theorem 3.6 as a
linear combination of the products of partial derivatives of f that are associated with

(~1)38

elements of Bj, with the coefficient ~—~ already showing up when the element lies in

fy
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By, as does the part i I of D, from Equation (11). Proposition 4.4 allows us

.t (HH!) HY

to replace the sum over Z, in that lemma by ( 51,0?‘ iNO) / I1jH|4+>2 51! Expanding this

multinomial coefficient, the factor (g — YV, s;9 — 1)! cancels, and we get the remain-
ing numerator (¢ — 1)! as well as the missing factorials Hf\il sio! in the denominator.
Recalling that if |H| +t < 1 then either H is a singleton and t = 0 or H is empty and
t <1, and that in elements of B; the multiplicities sg( and sg; must vanish, this is
indeed the desired expression. This proves the theorem. g

Note that in every product of derivatives that shows up in Theorem 4.2, the total
differentiation with respect to the variables x;, 1 < i < N is given by the multiset I,
and the number of differentiations with respect to y in the numerator is one less that
the power of f, in the denominator. This generalizes the observation from [Z] that is
based on the prediction from [N]. The fact that every term in the expression for A f,r
in Definition 1.2 contains differentiation with respect to the x;’s that are given by ], and
the number of differentiations with respect to y in every such term is r + |J|, means
that the same observation can be drawn also from Proposition 2.2 or Corollary 2.6.

We conclude with the following remark about our coefficients C, and D., from Defi-
nition 3.4 and Equation (11).

Remark 4.5. Recall from Proposition 1 of [H] that the formula for higher partial derivatives of a
product of functions, or of a composition of functions, contain no numerical coefficients when the
variables are all distinct. Moreover, Proposition 2 there states that in more general derivatives
we obtain coefficients only due to formerly distinguishable terms becoming indistinguishable,
and the coefficients count the appropriate number of collapsing partitions (the case from Faa di
Bruno’s formula, of an ordinary derivative, is, of course, a special case of this construction).
Proposition 4 of that reference states that if a multiset I has a multiset partition as } g +q pxK,
then the number of partitions of a set of size |I| that under the identifications that create I
collapse to the partition Yy, ugK is 1!/ TTg pux!KI"K. A similar argument shows that if
we have a marking v of the multiplicities ug, namely ux = ), px,o and in collapsing the
partitions we remember which part belongs to which marking, then the number of partitions
that collapse in the same identifications process is now I' / TTg , Uk o K"K (this is the previous
expression multiplies by the product over K of the multinomial coefficients pg!/TT, uxo)-
Now, if the multiset I is a set of size |I|, then I! = 1, the multiplicities m;, appearing in
Definition 3.4 or sy from Equation (11) equal 0 wherever the multiset | or H is not a set
and equal 0 or 1 when it is a non-empty set, meaning that mj \JI"t or sy 'H!*Ht equal 1
as well unless | or H are empty. In this case the coefficient C, for & € Ay reduces to (h —
!/ TTs2 mg,! [Tjjj4r=2 "™, and for an element y € By, the coefficient D, becomes (g —
!/ TTis2 50, T s 58 (the products on r or t alone begin with 2 because of the restriction
\JI + 7 > 2 for the mj,’s and spp = s@p1 = O for the sp;’s). These can be viewed as the
fundamental parts of the coefficients (unlike the case corresponding to Faa di Bruno’s formula,
they do not always equal 1—see Equation (9) for the first case where the former equals 2). Our
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generalization of Proposition 4 of [H] mentioned here shows that in general, the coefficient C,
or D, is the product of its fundamental part and the corresponding number of partitions that
collapse to the desired one when a set of cardinality |I| gets identified to produce the multiset
I. However, the formula for general coefficients is not more complicated than the formula for
their fundamental parts, which is why it is more natural (unlike in [H]) to consider general
differentiation from the start, rather than begin with differentiation with respect to distinct
variables.
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